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Abstract

We consider conservation laws with source terms in a bounded domain with Dirichlet boundary condi-
tions. We first prove the existence of a strong trace at the boundary in order to provide a simple formulation
of the entropy boundary condition. Equipped with this formulation, we go on to establish the well-posedness
of entropy solutions to the initial-boundary value problem. The proof utilizes the kinetic formulation and
the averaging lemma. Finally, we make use of these results to demonstrate the well-posedness in a class
of discontinuous solutions to the initial-boundary value problem for the Degasperis—Procesi shallow water
equation, which is a third order nonlinear dispersive equation that can be rewritten in the form of a nonlinear
conservation law with a nonlocal source term.
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1. Introduction

In this article we consider scalar conservation laws with source terms in a bounded open
subset £2 ¢ R¢ with C? boundary:

oru +divy A(u) =S(t,x,u), (t,x)eQ:=(0,T) x S2, (1)

where 7 > 0 is a fixed final time and the flux function A € C? satisfies the genuine nonlinearity
condition

L{e|t+¢-A(€)=0})=0, forevery (z,¢)#(0,0), (2)

where L is the Lebesgue measure.
The source term satisfies the following conditions:

SGLOO(QXR)’ S(t’x’)ecl(R)a ‘S(t,.x,u)_S(t,.x,U)|<C|M_U|, (3)
where the last two conditions hold for a.e. (¢, x) € Q and C > 0 is a constant.

As usual, we only deal with entropy solutions, namely those that fulfill in the sense of distri-
butions on Q the inequality

() +divy g(u) —n'w)S(t, x,u) <0 4)
for every convex C? function 7 and related entropy flux defined by
q/ — A/U,.

We are interested in the well-posedness in L of the initial-boundary value problem for (1), in
which case we impose the initial data



G.M. Coclite et al. / Journal of Functional Analysis 257 (2009) 3823-3857 3825

u(0,-) =ug € L*(£2) (5)

and the Dirichlet boundary data

ulr =up € L=(I), (6)

where I" := (0, T) x 052. Of course, this Dirichlet condition has to be interpreted in an appro-
priate sense (see below) and this in turn requires an entropy solution to possess boundary traces
(which herein will be understood in a strong sense).

A BV well-posedness theory for conservation laws with Dirichlet boundary conditions was
first established by Bardos, le Roux, and Nédélec [2], and later extended by Otto [24] to the L™
setting, for which boundary traces do not exist in general, a fact that complicates significantly the
notion of solution and the proofs. For genuinely nonlinear fluxes and domains whose boundaries
satisfy a mild regularity assumption, Vasseur [31] showed that L°° entropy solutions always have
traces at the boundaries. Similar results hold without imposing a genuine nonlinearity condition,
cf. Panov [25,26] and Kwon and Vasseur [17]. Consequently, for genuinely nonlinear fluxes, the
L™ case can be treated as in [2], i.e., the more complicated notion of entropy solution used by
Otto can be avoided, see Kwon [16].

To define traces on the boundary I" we use the concept of a “regular deformable bound-
ary” (see for instance Chen and Frid in [3]). For any domain £2 with C?> boundary, there
exists at least one 9§2-regular deformation. Given any open subset K of 382, we refer to
a mapping w [0,1] x K > 2 as a K- regular deformation provided it is a c! diffeomor-
phlsm and zp(O -) = I with I, denoting the identity map over K. Let us now define the set

=(0,T) x K and the functlon v(s,2) = (f, w(s,x)) where % := (7, X) € K. Then, obvi-
ously, V¥ (s, ) is K-regular deformation with respect to I". Let us denote by 7, the unit outward
normal field of the deformed boundary U ({s} x 3£2). We also write n; = (0, Ai) and n = (0, 7).
Notice that 71; converges strongly to 7 when s goes to 0.

Our first main result is the following theorem.

Theorem 1.1. Ler 2 C R be a regular open set with C* boundary. Assume that (3) holds and
that the flux function A € C*(R) verifies (2). Consider any function u € L>((0, T) x 2) obeying
(1)and (4)in (0, T) x §2. Then

e there exists ut € L°°((0, T) x 082) such that for every I -regular deformation  and every
compact set K € I there holds

esshmf| ¥(s,2)) —ut(2)|do () =

where do denotes the volume element of (0, T) x 082,
o there exists ut € L°°(82) such that for every compact set K € 2 there holds

esslimf\u(z, x) —u"(x)|dx =0.
t—0
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In particular, the trace u® is unique and, for any continuous function F, F(u) also possesses a
trace and

[Fw]" = F(u").

The proof of this theorem is found in Section 2. More precisely, in this section we prove the
first part of Theorem 1.1. The second part can be proved using the same method, so we omit
the details. The method of proof follows along the lines of Vasseur [31], utilizing the blow-up
method, the kinetic formulation developed by Lions, Pethame, and Tadmor [18], and a version
of the averaging lemma (see Perthame and Souganidis [29]). An alternative proof can be given
using Panov’s H-measure approach, cf. [26], which moreover requires a genuine nonlinearity
condition that is less restrictive than (2).

Having settled the existence of strong boundary traces, we can now turn to the choice of en-
tropy boundary condition. Instead of working with the original condition due to Bardos, le Roux,
and Nédélec [2], we shall instead employ the following equivalent boundary condition introduced
by Dubois and LeFloch [11], which is well defined in L°° thanks to Theorem 1.1:

[0(u7) — q(up) — 0 up) (A7) = Aup))] -7 =0, (7)

where BT means the trace of B on I = (0, T) x 952 and 7 is the unit outward normal to 952
with n = (0, n).

Our second main result is the well-posedness of entropy solutions to the initial-boundary
value problem (1), (5), and (6), with the boundary condition (6) being interpreted in the sense of

(7).

Theorem 1.2. Let 2 C RY be a regular open set with C* boundary. Assume that the source term
S(t,x,u) obeys (3) and that the flux function A € C2(R) verifies (2). Let ug € L°°(82). Then
there exists a unique entropy solution u € L°°(Q) verifying (1), (4), (5), and (7).

This theorem is proved in Section 3. As in [16], the uniqueness argument utilizes the Dubois—
LeFloch boundary condition (7) written in a kinetic form. Recently Ammar, Carrillo, and Wit-
tbold [1] showed the well-posedness of conservation laws with source terms by using a more
general notion of entropy solutions containing the concept of weak boundary condition intro-
duced by Otto [24]. In contrast to the Kruzhkov approach employed in [1], our proof utilizes
a good kinetic formulation of the boundary condition allowing for an adaption of Perthame’s
“kinetic” uniqueness proof [27,28].

In Section 4 we apply Theorems 1.1 and 1.2 to investigate the well-posedness of the initial—
boundary value problem for the so-called Degasperis—Procesi equation

du — 8> w4 dudou=30ud> u+ud_u, (t,x)€(0,T)x(0,1), (8)

txx xXxx o

augmented with the initial condition

u(0,x) =up(x), xe(,1), 9)

and the boundary data
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u(t,0)=go(1),  ut,)=g@), 1e(©,7),
du(t,0)=ho(t),  dut,1)=h@), t€(,T). (10)

We assume that

up € L20,1),  uo(0)=go(0),  up(l)=g1(0),
20,81 € H'(0,T),  ho,h; € L0, T). (11)

Degasperis and Procesi [10] deduced (8) from the following family of third order dispersive
nonlinear equations, indexed over six constants «, y, co, c1, €2, 3 € R:

du + codyu + 9> u— a9}

x ,xxuzax(cluz—l—cz(axu)z—|—C3u8§xu).

Using the method of asymptotic integrability, they found that only three equations within this
family were asymptotically integrable up to the third order: the KdV equation (¢ = c3 = c3 =0),
the Camassa—Holm equation (¢ = 3L32, c) = %3), and one new equation (c; = —%3, ) =cC3),

T2
which properly scaled reads ¢

9 3
w4 dyu 4 6udcu + 3> u— a2<83 u+ =dud’ u+ Zud’ u) =0. (12)

XXX txx 2 2 XXX

By rescaling, shifting the dependent variable, and finally applying a Galilean boost, Eq. (12) can
be transformed into the form (8), see [8,9] for details.

Degasperis, Holm, and Hone [9] proved the integrability of (8) by constructing a Lax pair.
Moreover, they provided a relation to a negative flow in the Kaup—Kupershmidt hierarchy by a
reciprocal transformation and derived two infinite sequences of conserved quantities along with a
bi-Hamiltonian structure. Furthermore, they showed that the Degasperis—Procesi equation are en-
dowed with weak (continuous) solutions that are superpositions of multipeakons and described
the integrable finite-dimensional peakon dynamics. An explicit solution was also found in the
perfectly antisymmetric peakon—antipeakon collision case. Lundmark and Szmigielski [21], us-
ing an inverse scattering approach, computed n-peakon solutions to (8). Mustafa [23] proved
that smooth solutions have infinite speed of propagation, that is, they lose instantly the property
of having compact support. Blow-up phenomena have been investigated in, for example, [36].
Regarding the Cauchy problem for the Degasperis—Procesi equation (8), Escher, Liu, and Yin
have studied its well-posedness within certain functional classes in a series of papers [12-14,19,
32-35].

The approach taken in the papers just listed emphasizes the similarities between the
Degasperis—Procesi equation and the Camassa—Holm equation, and consequently the main focus
has been on (weak) continuous solutions. In a rather different direction, Coclite and Karlsen [5-7]
and Lundmark [20] initiated a study of discontinuous (shock wave) solutions to the Degasperis—
Procesi equation (8). In particular, the existence, uniqueness, and stability of entropy solutions
of the Cauchy problem for (8) is proved in [5-7].

When it comes to initial-boundary value problems for the Degasperis—Procesi equation much
less is known. The first results in that direction are those of Escher and Yin [14,37], which
apply to continuous solutions. To encompass discontinuous solutions we shall herein extend the
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approach of [5-7], relying on Theorems 1.1 and 1.2 above. Following [S] we rewrite (8), (9),
(10) as a hyperbolic—elliptic system with boundary conditions:

du +udcu + 3, P =0, (t,x) € (0,T) x (0, 1),
—a§XP+P=%u2, (t,x) € (0,T) x (0,1),

] %0, x) = uo(x), x €(0,1), (13)
u(t,0)=go(t), u(,1)=gi), 1€(0,7),
WP, 0)=vo(), 0P 1)=y1(), t€(0,T),

where

Yo = —g( — goho, Vi =—g; — gihi. (14)

Let us give a heuristic motivation for the equivalence between (15) and (13). From (8), provided
the involved functions are sufficiently smooth,

(1—92,) @+ udcu + 3, P) =0, (15)

since, by (14), formally the trace of d;u + ud,u + 9, P vanishes at x =0 and x = 1, we can invert
the differential operator 1 — fo and pass from (15) to (13).

In the case ggp = g1 = 0 we do not need any boundary condition on 9, u, indeed from (14) we
have Yo = Y1 = 0.

The boundary conditions for the P-equation in (13) are of Neumann type. Let G = G(x, y) be
the Green’s function of the operator 1 — fo with homogeneous Neumann boundary conditions
on (0, 1) and let QO = Q(¢, x) be the solution of

{ —05,0+0=0, (t,x)€(0,T)x(0,1),
0x0(1,0) =vo(t), 0,01, D)=y(t), te(0,T7).
The function P has a convolution structure

1

P(t,x) = P*(t,x) := %/G(x, u?(t, y)dy + O(t, x),
0

and (13) can be written as a conservation law with a nonlocal source

2
du + 0y (%) ——9,P" = —% / 3, G(x, Vu’(t,y)dy — 0, O(t, x). (16)

Due to the regularizing effect of the elliptic equation in (13) we have that
uel®(0,7)x(0,1)) = P“eL®(0,T; W*>(0,1)). (17)

Therefore, if a map u € L*°((0, T') x (0, 1)) satisfies, for every convex map n € C 2,
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3n(u) + dxq () +n'(u)dx P* <0, q(u)=f§77’(€)dé, (18)

in the sense of distributions, then Theorem 1.1 provides the existence of strong traces ug, u] on
the boundaries x = 0, 1, respectively.

We say that u € L*°((0,T) x (0, 1)) is an entropy solution of the initial-boundary value
problem (8), (9), (10) if

(i) u is a distributional solution of (13);
(ii) for every convex function n € C*(R) the entropy inequality (18) holds in the sense of dis-
tributions;
(iii) for every convex function n € C 2 with corresponding ¢ defined by ¢’ (u) = un’(u), the
boundary entropy condition

g () — (g0(1)?

2

@t (1))? — (g1(1))?
2

q(ui®) —q(go@®) —n'(g0(®))

<0< q(ui®) —q(g1(0)) —n'(g1(0)) (19)

holds fora.e. r € (0, T).

Our main result for the initial-boundary value problem for the Degasperis—Procesi equation
is the following theorem, which is proved in Section 4.

Theorem 1.3. Let ug, v, go, g1, ho, h1 satisfy (11). The initial-boundary value problem (8), (9),
(10) possesses a unique entropy solution u € L*°((0, T') x (0, 1)).

2. Proof of Theorem 1.1
In this section we prove Theorem 1.1, adapting Vasseur’s blow-up method [31].
2.1. Weak boundary trace

We first reformulate the relevant problems on local open subsets and construct weak boundary
traces of entropy solutions on these local sets. The reason for working on local subsets is that we
are going to use the blow-up method. We split the boundary into a countable number of subsets.
Indeed, for each X € 8£2, there exist r; > 0, a C> mapping 7 : R?~! — R, and an isometry
for the Euclidean norm R; : R? — R? such that, upon rotating, relabeling, and translating the
coordinate axes if necessary,

R;(x) =0,
R ()N (=rz,r)? ={y =0, 9) € (=rz, 1) | yo > 7: (D)}

We have

02 c | R ((=rerd)?).
X€o82
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Hence, for each Z = (f,X) € I', we obtain an isometry map A : R4+ — RI*! given by
Az(t,x) = (yo,t — 1, §), where (9, §) = Rz (x). Then we have

r=\Juy "'y,
zel
where
L={0ot =1Ly | o=}

Let us denote w = (wg, W) := (yo,t — £, y) and W := (¢ — 7, ). Since the above collection of
open sets is countable,

U@ 'ay = )™ (),

zel ack

where K is a countable set and

I'y= Agl({w € (—rq, ra)d+1 | wo = )/a(ﬁ))}),

where y, (W) := 7, (y). We define

Qo = {w € (—rg, )™ | wo > yu ()}

In an attempt to simplify the notation we write « instead of z, in the indices. From now
on we will work in Q, and state the equations in terms of the new w variable. To this
end, define uy: Qo — R by ug(w) = u((Ag) ' (w)) and set Ay (§) = Aa(&, A§)), ga(§) =
Aq(n(&), q(&)). For every fixed «, every deformation v, and every w € (—rg, ro)?, we define

Y (s, W) = (Ag 0 ¥)(s, (A) ' (Ya (D), ®)), s €[0, 1], (20)

In terms of the w variable, (1) and (4) read respectively
divy Ag () = S(w,uy) 1n Qg (2D

and

divy go (ue) < 7' (Ue)S(w, ue) in Q. (22)

We now introduce a kinetic formulation of (21) and (22), cf. [18]. To do so we set L =
llu|l o= (s2), bring in a new variable § € (—L, L), and introduce for every v € (—L, L) the function

Loge<wy, v 20,

x(v,§)= I

_1{v<§<0}, if v <O.

To effectively represent weak limits of nonlinear functions of weakly converging sequences, we
introduce new functions, called microscopic functions, which depend on & and on an additional
variable z [28].
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Definition 2.1. Ler N be an integer and O be an open set of RN. We say that f e
L>®(O x (=L, L)) is a microscopic function if it obeys 0 < sgn(§) f(z,&) < 1 for almost ev-
ery (z,&). We say that f is a y-function if there exists a function u € L°°(O) such that for
a.e. 7 € O there holds f(z,-) = x (u(z), ).

For later use, let us collect the following results (cf. [28]).

Lemma 2.1. Fix an open set O C RY, and let fi € L®°(O x (=L, L)) be a sequence of

x-functions L3 .  -converging to f € L>(O x (=L, L)). Introduce the functions uy(-) =

f_LL fi(-,&)d& and u(-) = f_LL f(,&)dE. Then, for almost every z € O, the function f(z,-)
liesin BV (—L, L). Moreover, the following statements are equivalent:

e fi converges strongly to f in Llloc(O x (=L, L)).

e uy converges strongly to u in L1 (0).

loc
e f isa x-function.

Observe that if f is a y-function then u(z) = f_LL f(z,&)d&. The following theorem is due
to Lions, Perthame, and Tadmor [18].

Theorem 2.1. A function u € L>(Qy,), with |u| < L, is a solution of (21) and (22) if and only if
there exists a non-negative measure m € M (Qq x (=L, L)) such that the related x -function

f defined by f(u(w), &)= xw(w),§) for almost every (w,&) € (Qy X (—L, L)) verifies
a() -V f+SC,E)(9%f —8E)=dm inD'(Qy x (-L, L)), (23)
where a(§) := A, (&).
Denote a by a = (ag, a). To simplify the notation we keep denoting the normal vectors by n;
and n.

In what follows, for each fixed «, we will consider the set O, and the y -function f associated
to uy . For any regular deformation v and w € (—ry, ra)d we set

fu(s, 0,8 = f(¥(s, 0), &),

where ¥ is defined in (20). We now show that fy has a weak trace at s = 0, which does not
depend on the deformation v, i.e., the way chosen to reach the boundary.

Lemma 2.2. Let f be a solution of (23) in Qy X (—L, L). Then there exists
ST e L®((—rarra)? x (=L, L))
such that

esslim fy (s, ) =7 in H™ ' ((=rg, re)? x (=L, L)),

for all I'y-regular deformation . Moreover, f* is uniquely defined.
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Proof. Since || fy(s,-,")llLee < 1, by weak compactness and the Sobolev imbedding theo-

k k—o00 . p— 00 .
rem, for every sequence s —— 0 there exist a subsequence k, —— 00 and a function
gfﬁ € L®((=ry,ry)? x (=L, L)) such that

fw(sk", ") Ly gy in H-'nL>®

weak-x’

(24)

for every regular deformation . Let us show that 8&, is independent of the deformation i and
the sequence s¥ and its subsequence s*». To do so, let us first consider the entropy flux

L

qn(w) = fa(S)n/(S)f(w,S)dS, (25)

—L

associated with the entropy 7. Multiplying (23) by n’(¢) and integrating it with respect to & we
find

L
divy gy = — /[77”(5)"11 —1'E)my](w, d§) € M((—ra, l”a)dH),
—L

where

my=—Sf +m, my=0:Sf +68(5)S. (26)
We can now use the following theorem (cf. Chen and Frid [3]):

Theorem 2.2. Let 2 be an open set with regular boundary 32 and F € [L>®(82)14t! be such
that divy, F is a bounded measure. Then there exists F -n € L°(352) such that for every 052-
regular deformation r,

esslimF (¥ (s,)) -ng(-)=F-n in LY

weak-x
s—0

(0£2),

where ng is a unit outward normal field of Y ({s} x 0£2).

This theorem ensures the existence of a function q_; .n € L®((—=ry, ry)?), which does not
depend on v/, such that

s—0

an(¥(s,) ng() —= gy -n inD'((=re,ra)?), 27)

for every regular deformation . The function ny converges strongly to n, i.e., the unit outward
normal to Q. The convergence takes place in LY ((=ry,re)%). So, using (25) and (24), (27), we
obtain

L
[ [etm©ee nigy@oaai= [ g .

(_ra,ra)d —L (—ra,ra)d
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for every test functions ¢ € D((—ry, re)%). The right-hand side of this equation is independent
of 1y, the sequence s¥ and its subsequence s¥7, so gfp does not depend on those quantities either
thanks to (2). The result is obtained from the uniqueness of the limit. O
2.2. Strong boundary trace

Let us now show that entropy solutions possess a strong boundary trace. To do so we will
employ the blow-up method [31] and apply the averaging lemma to conclude that f*(w,-) is
a x-function for almost every (w, §) € (—rg, re)? x (=L, L). To this end, we shall rely on the

following lemma, which is a straightforward consequence of Lemma 2.1.

Lemma 2.3. The function f* is a x-function if and only if

esslim fy (s, ) = 7 in LY((—ra, ra)?),

s—0
for any deformation .
Let fix a specific deformation on Q, namely
Pos, h) = (s + va (i), d). (28)

We use the notation

fls,0,8) = fy, (5,0, ) = f(dols, ), §),
when we work with the deformation (28). Indeed, it is enough to show the strong trace of fy for
the specific def(zrmation (28) thanks to Lemma 2.2.

Notice that ¥o(s, W) € Qy if and only if W € (—ry, re)¢ and 0 < s < ry. From (23) we find
that f is a solution of

a0, £)ds f +a(&) - Vg f = deriny + iz, (29)

where 7;(s, W, £) = m;(Yo(s, W), ) with m; defined in (26), i = 1,2, and a°(, &) =
A(w)a(€) - n(w), where

N a2
A(W) = —\/1 + [Vyva(@)|".
Before introducing the notion of rescaled solution, let us state two lemmas (cf. [31]).

Lemma 2.4. There exist a sequence &, which converges to 0 and a set £ C (—ry, ro,)d with
L((=rg,re)? \ ) = 0 such that for every w € £ and every R > 0,

0, i=12

N U N d
kli)rglo8—d|mi|((0, R&x) x (W + (—R8k, Rx)“) x (=L, L))

n
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Lemma 2.5. There exist a subsequence, still denoted by 8y, and a subset £ of (—rg, ra)d with
E C& LU(=rq,1a)?\E) =0, such that for every W € £ and every R > 0 there holds

L
hm/ f | [T, &) — T+ &P.&)|dydE =0,

8r—0
—L (=R,R)

L
lim/ / 2%, &) — @’ (D + 8§, &)| dy dg = 0.

Sx—0
L (~R.R)?

Let us now introduce the localization method [31]. We use the notation
0% =(0,74/8) X (—ry/8,74/8)".
The goal is to show that for every w € £, f*(w, -) is a x-function. From now on we fix such

a w € &'. Then we rescale the f function by introducing a new function ﬁs which depends on
new variables (s, y) € Qg, defined by

fs(s,9.6) = f(8s, 0 +89,8).

This function depends obviously on w but since it is fixed throughout this section, we skip it in
the notation. The function f5 is still a y -function and we notice that

f50.3.6) = fT(+89.8).
Hence we gain knowledge about f7 (w, -) by studying the limit of fa when § — 0. We define
ag(3,€) =a’(w+ 83, £).
In view of (29),
ag(9, £)ds fs +a&) - Vy fs = dgriny + 3, (30)

where mg is the non-negative measure defined for every real numbers R{ < Ré, L1 < Ly by

. o 1 ~ ~
(T ()t ) = o TT [y k] s+ okd] <1, o).

0<j<d 0<j<d

fori =1, 2.

We now pass to the limit when § goes to O in the rescaled equation. To this end, we shall need
to prove strong convergence via an application of an averaging lemma taken from Perthame and
Souganidis [29].
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Lemma 2.6. Let N be an integer, f, bounded in L (RNT1Y and {h}, h?} be relatively compact

n’''n
in [LP RNTH12N with 1 < p < 400 solutions of the transport equation:

a€) - Vy fi =03 (Vy-hi) + Vy - b2,

where a € [C2(R)N verifies the non-degeneracy condition (2). Let ¢ € D(R), then the average
uf(w) = fR & (£) fr(w, &) dE is relatively compact in LP? (RV).

Lemma 2.7. There exist a sequence 8 — 0 and a x-function foo e L°(RT xR x (=L, L))
such that f5, converges strongly to fu in LI (R* xRx (—L, L)) and

loc

@’ (W, £)dy foo + () - 3y foo = 0. (31)

Proof. We consider the sequence §,, of Lemma 2.5. By weak compactness, there exists a function
foo € L®°(RT x R? x (—L, L)) such that, up to extraction of a subsequence, ﬁ;n converges to
foo in L3? .. Thanks to Lemma 2.4, ’hfsn converges to 0 in the sense of measures. So passing
to the limit in (30) gives (31).

First, we localize in (w, £). For any R > 0 big enough, we consider @1, @, with values in
[0, 1] such that @; € D(RT x RY), @, € D(R), and Supp(®;) C (1/(2R),2R) x (—2R,2R)¢,
Supp(®») C (2L, 2L). Moreover, ®1(w) = 1 forw € (1/R, R) x (—R, R)¢ and @, (&) = 1 for
& e(—L,L).Hence for § <ry/(2R), we can define on R x R4 x R the function

=00, f,

(where ff =0if fs is not defined). On (1/R, R) x (—R, R) x (=L, L) we have fX = f;. So,
if we denote by ay (&) = (@°(w, &), a(&)) (which depends only on & since  is fixed), from (30)
we get

ap&) - ViﬁSR = 35 (@1@21’71(%) — (chDénﬁé +a; (&) - Vichchﬁ;R + @10521771%
+a,[(@°w, &) —al (3, 8)) £F]
= deu1,5 + no,s + 0s[ (@, &) —a) (3. 6)) fF].

where 11,5, and 7 5, are measures uniformly bounded with respect to k. In view of Lemma 2.5
we can see that a%(w, £) — Zzg(i, &) converges to 0 in Ll (R? x (=L, L)). So it converges to 0

loc
in Lf’oc for every 1 < p < oo since these functions are bounded in L. Since the measures are

compactly imbedded in W=17 for 1 < p < Z—ﬁ, we can apply Lemma 2.6 with N =d + 1,

fi = fg}j , $(&) = Da(&), and a(§) = ay (£). It follows that [ fR®,(£)dE is compact in LP for

I<p< Z—ﬁ. So by uniqueness of the limit, | f,;n (-, &) d& converges strongly to [ foo(-, &) dE in

Llloc(Rd+1). Lemma 2.1 ensures us that f~5n converges strongly to foo in LllOC R4 x (~L, L))
and moreover that f, is a x-function. 0O

We now turn to the characterization of the limit function foo.
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Lemma 2.8. (See [31].) For every W € &, foo(w, &) = fT(0, &) for almost every (w, &) €
RItl x (=L, L), and the function f*(Ww, ) is a x -function.

Thus, from Propositions 2.3 and 2.8, we can prove Theorem 1.1.

Proof. [Proof of Theorem 1.1] For every « and every deformation 1, we have

L
esslim / /\fw(s,uﬁ,S)—ff(ﬁ),$)|d§du§:O.

s—0
(_rc(,rot)d —L

We define u® by
L
W) = / FT, 6 dE, if (a(d), D) = Aa(2).
—L

For every compact subset K of (0, T') x 92, there exists a finite set /y such that K C and

aely
/}u(w@,z)) —u'(2)|do(2) < Zﬂu(w(s,z)) —u"(2)|do(2),
K OtGI()Fa

which converges to 0 as s tends to 0. This concludes the proof of Theorem 1.1. O

3. Proof of Theorem 1.2

3.1. Existence proof

In this section we will show the existence of an entropy solution for the initial-boundary value
problem (1), (5), and (6), with the boundary condition (6) interpreted in the sense of (7).

Let {S%}.~0 be a sequence of smooth functions converging in LlloC to S with respect to vari-
ables (¢, x), for example obtained by mollifying the function §, and consider smooth solutions
to the uniformly parabolic equation

du® +divy A(u®) = S°(t,x,u’) + eAu’, (32)

with initial and boundary data
ut (0, ) = ug u®| = up. (33)
For the sake of simplicity in this proof, we will assume that the data u, u; are smooth functions.
Then, for each ¢ > 0, the existence of a unique smooth solution of the initial-boundary (32), (33)

value problem is a standard result.
By the maximum principle,

| (1, )| < NluollLse + lupllzoe + 1Sl LT (34)
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For any convex entropy function 1 and corresponding entropy flux function ¢ with ¢’ = n’A’,
multiplying (32) n’(u?) yields

am(ug) + div, q(ug) — n/(ug)SE (t, X, ug) = 8Ax77(u8) — 877//(u8)|qu8|2. (35)
For any function ¢ € CZ°(Q), it follows from (35) that

fn(u8)8t¢+q(u8)-ngodtdx=/8n/(u8)vxu8-ngodtdx-l—fn”(u‘g)s}vxu8|2<pdtdx
0 0 0

— / SE(t,x,u®)n'(u®)pdrdx. (36)
0

Let K be an arbitrary compact subset of Q and choose in (36) a function ¢ € C°(Q) satisfying
plk =1, 0<p<LI

It follows that

/|s€(t,x,u8)u8go|drdx <C(T. . uoll ) IS L.
0

thanks to (34). Consequently,

fe|vxu8\2drdx <C. 37)
0

We can now make obvious the strong convergence of solutions u® to (1). Set f°(t,x,&) =
x (W, &), where u® is a solution of Eq. (1). Then

I fe+AE) Vi f*

d
=) 0, (saxjugé(us — &) + 0 (¢|Vyu® \Za(uf —E)) 4+ 55, £)8(u® —§)
J:

—_

d
D 0 Tf+0: A5+ A5 inD. (38)
=1

For any o € C®°(R* x RY x R),

(45, 0)| < o 12 / 5% (1. x.uf) | di dx < C(T, o). (39)

supp(o)
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Thus, Af is a bounded measure thanks to (39). Now, we may use the Sobolev injection to repre-
sent

A;(t’ X’S):dlv(t,x,f) )“g(ta xag)’ (40)

where A5(t, x, &) is compact in L9 (R?*2) for some ¢ > 1. Combining (40) and Lemma 3.1
below yields

d

0 S+ A'E) Vi f* =) 0y (77" +0¥f) + 0 divgw A +Hdivergs 25, (4D)
j=1

L9 fori=1,2.

where ¢, y]‘?" — 01in L? for j=1,...,d and A] is bounded in W .

Lemma 3.1. (See [15].) Consider FJ.S and A5 given in (38). Then
Ff = )/_j8 + 85)/]-8 and Aéi =div x6) )\i,

where y;°, yj‘? —0in L2f0rj =1,...,d and 1 is bounded in whe ;= 1,2.

loc ’

By (34), (37), and (38), Lemma 2.6 applied to (41) shows that f¢ converges strongly to
f in LP(Q x R) for some p > 1. Let us set u = f]R f d&. We now conclude the existence of
subsequence, still labeled u® := fR fédg, converging to a limit u a.e. and in LllOC such that the
interior entropy inequality holds:

/n(u)3r¢+CI(u)-Vx¢+n’(u)5(t,x,u)¢dtdx20, Vo e C(Q), ¢ 20.
Q

It remains to prove that the Dubois—LeFloch boundary condition (7) is satisfied.

Lemma 3.2. Let u be the limit function constructed above. Then, for any convex entropy—entropy
flux pair (1, q),

[q(u™) — qup) —n'up)(A(u") — A(up))] -2 >0
where u® is the trace of u on (0, T) x 052 and n is the unit outward normal to 052.

Proof. We need a family of boundary layer functions {¢s} € C*°(£2; [0, 1]) verifying

Cc

Csls =0, ’sloe =1, and |V§|<8d,

where 25 = {x € £2 | diam(x, 0§2) > §} and c is a constant independent of . Multiplying (35)
by 6(t, x)¢s(x) with 6 € CC?O(Rd'H), 6 > 0, we obtain E; = E,, where the terms E, E» are
defined and analyzed below.
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Integration by parts yields

E; = /(atn(ug) + div, q(ug) — n/(ug)SS(t,x, ug))G(t,x)Q(x) dtdx
0

= —/Tl(ug)ate(t,X)Ca(X)+61(M8)'Vxla(X)Q(f,X)-I-CI(MS)'Vx9(f,X)§5(X)
Q

+ 1/ (u®) S (7, x, u®)6(r, x)¢s (x) dt dx + f qup) -1 0(t,%)dt do
(0,T)x082

= —fﬂ(u)f)r@(t,x){a(x)-l-q(u)'fos(x)G(t,x)-i-q(u)'Vx9(f,x)§a(x)
Q

+ 0 (w)S(t, x, u)0(t, x)¢s(x)dt dx + / q(up) -n6(t,x)dtdo.
0, T)x0s2

Observe that

T
fq(u)-vx;;(x)e(t,x)dtdx ﬂ>//q(uf) .76(t,%)dt do,

0 0 40

fn/(u)S(r, X100, )85 (x) di dx =20,
0

/n(u)a,e(z, 05 d dx 222 0,

Q

and

/q(m) V0t x)¢5 () di dx =25 0.

Q
As aresult,

o, B = f (qup) —q(u7)) A6 dtdo.
(0,T)x93$2
Next,

E; = e/ ' (u®) Axu0(t, x)ts(x) dt dx
0

3839



3840 G.M. Coclite et al. / Journal of Functional Analysis 257 (2009) 3823-3857

= g/(divx (n' (u®)Veu®) — r;”(ug)|qu8|2)0(t,x)(g(x) dt dx
)

N

€ / n (up)Vyeu® -16(t,%)dt do —S/U/(ug)vxug-ng‘g(x)e(t,x)dtdx

(0, T)xd82 0

—8/n’(u8)qu8-Vxe(t,x)g‘g(x)dtdx
0
=:Ey1 — Eyp — Ep3.

Clearly, thanks to (37), limg 0 |E22| =limg_,¢ |E2 3] =0.
To analyze E |, we repeat the above argument with 7 = Id to obtain the equation

lim lim | e / Vb -n®@dtdo | = / (A(u") — A(up)) -AOdtdo,  (42)
§—>0e—0
0,T)x082 0,T)x082

which holds for all ® € C° (R4*+1). Since the boundary 32 is smooth, we can regularize (by
mollification) u; on (0, T) x 0£2; let us denote the regularized function by ug . By taking ® =
n'(u;)0 in (42) with 6 > 0 and sending ¢ — 0, we obtain

hn%snr%Ez,l: f n'(up) (A(u") — Aup)) - 16 dt do.
e—>00—
(0,T)x082

Hence, the limit u# obeys the inequality

T
/ /[q(uf) —qup) — ' (up)(A(u") — A(up))] - A6 dodt > 0.

0 082
By the arbitrariness of 8, the proof is complete. O
3.2. Uniqueness proof
In this section we prove the uniqueness part of Theorem 1.2, adapting the approach of
Perthame [27,28]. In what follows, we let u, v denote two entropy solutions of the conservation
law (1) with initial data ug, vo € L°°, respectively, and boundary data u, with the boundary con-

dition (6) interpreted in the sense of (7). We start by rewriting the Dubois and LeFloch boundary
condition (7) in a kinetic form due to Kwon [16].

Lemma 3.3. The following two statements are equivalent:

1. For every convex entropy—entropy flux pair (n, q),

[a(u") = q(up) — ' (up) (A(u”) — Aup))] -7 >0 onT.
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2. There exists p € MY (I" x (=L, L)) such that

A'E) [ [T E) — x (& up@)] = Sgmuy) (A7) — A(up)) - i = —0: (2, &),
forevery (z,§) € I' x (=L, L).

Associated with the entropy solutions # and v we introduce the corresponding y -functions f
and g defined by f(¢,x,&) = x(&;u(t,x)) and g(¢, x,&) = x(&; v(¢, x)), respectively. In view
of Theorem 2.1, there exist m!, m?> € M+(Q x (—L, L)) such that

f+AE) Vif +5t,x,8)(0:f—8&)=0em',
g+ A'(§) - Veg + S(t,x,6) (g — 8(8)) = dem®. (43)

The goal is to show the following inequality for a.e. t € (0, T'):
—//!f(t %) - g(1.x.6)] dédx+//A(%‘) AR - g (2,0 dEdo ()

/-‘S t,x,u(t,x)) — S(t, x,v(t,x))|dx, (44)

where do denotes the volume element of d§2 and some constants C > 0.
To this end, we need to regularize f and g with respect to the ¢, x variables. Set € = (€1, €3)

and define ¢, by
1 t
¢e<r,x>=—¢1(—) — ( )
€1 €1 €

where ¢1 € C°(R), ¢2 € CSO(Rd) verify ¢; >0, [¢; = 1for j = 1,2, and supp(¢;) C (—1,0).
We shall employ the following notations:

fult,x,6) = f(-,-,S)“f)gbe(r X, ge(t,x.6) :gc,-,s)“i‘)«pe(t x),

m(tx?E)—m(,,S) ¢e(t x), m(tXS)—m(,,S) ¢>e(t x),

where » means convolution with respect to the indicated variables and the mappings f, g, m1, m»
are extended to R?*! by letting them take the value zero on R*+1\ Q.
The proof of the following lemma can be found in Perthame [27,28].

Lemma 3.4. Let m' and m? be non-negative measures given in the Theorem 2.1. Then, the
following holds

L
Gli_f)% Ml E)8e=u) * e +m2 (e, E)S(g=v) * PedE =0 in D' (Q).
L
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Let us continue with the proof of (44). Fix a d§2-regular deformation 1@, and let 2, denote the
open subset of £2 whose boundary is 082 = &({s} x 0£2). Taking the convolution of each of the
two kinetic equations in (43) and then subtracting the resulting equations we obtain an equation
that is multiplied by f. — g.. The final outcome reads

L
]/ 0| felt,x, €) — ge(t,x, E)|" + A'€) - Vi | felt, x, &) — ge (2, x, E)|* dE doy

2y —L

L
+]/[S(r,x,s>(ag<f — N bt (et x. ) — gelt, x.£)) dE do
2y —L

L
=2/ f e (ml(t,x,8) —mZ(t,x,&))(fe(t, x,£) — ge(t, x, &) dé& doy, (45)
£2

—L

for a.e. s > 0, where do denotes the volume element of 0£2;.
In view of Lemma 3.4, observe that for a.e. s > 0 we have

L
lim//%(m;('m&) 2 ) (fe (- E) — 8e (o £)) dE do
L

e—0
2 —
L
. . 1 2
=~ lim /(me<-,-,s>—me<‘,-,s>)ag(fe(-,-,s>—ge<-,~,s>)dsdas
2, —L
L
. 1 ([,X) 2 (l,x)
=—élg% me(-,,6)0=v) * ¢ +m_(-,-,8)8E=u) * Peddos <O.
2, —L

Next, observe that

L

/ / [5G0 8)(0 (f — )] % bt ) (fo (1 3. €) — ge 1, x.£)) dE dix
2, —L

lim sup
e—0

< 2/|S(t,x,u) — S(t,x,v)|dx
2

<2Cf|u—v|dx, fora.e. s > 0,

2

where we have used condition (3) to derive the last inequality. Indeed, using | f| < 1 and |g| < 1,
we obtain | fe — g¢| < 2 and we check that for a.e. (¢, x) € (0, T) x £2,
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L
/[S(t,x, £)(0:(f — 9)]'% de(t. x) dE = S(t.x,v) — St x. 1),
—L

thanks to 0¢ (f — g) =8(§ —v) —6(§ —u).
Let us now apply the divergence theorem in (45) and subsequently take the limits € — 0 and
s — 0. Applying Theorem 1.1 and the observations above, we obtain the following inequality

fora.e.r €(0,7):

L
f fA’(S) A|fT( R, 8) —gf(t,ﬁ?,‘é')\zdédﬁ(f)

02 —L

L
//at|f(t’-x’€)_g(tv-xvs)|2d€dx+
2 —L

< 2/|S(t,x, u) — S(t,x,v)|dx. (46)
2

Next, we show that the “boundary” part of (46) is non-negative. According to Lemma 3.3,
there exist two measures i, [Lg € M™T(I" x (=L, L)) corresponding to f and g, respectively,

verifying
AE) A[FTEE) — x(up(2); €)] = Semuy ey (AT () — A(up(2))) -
=—0:us(z,€), for(z,&)el x(—L,L),
A'E) A7 (G &) — x(up(3); E)] = Sy (A(vT (D) — A(up(2))) -
for (z,€) eI’ x (—L, L),

>

= —0: g2, 8), “47)

where Z means (¢, %) and X € 052. For later use, we notice that the mappings & = 7 (2, %),

& > 11 (2, &) are continuous in LY away from & = uy.
For later use, observe that

A’~ﬁ|ff—gf‘2
= A" A(f7 = x(up; &) sgn(€ —up) — 24" - A(f7 — x(up; ) (87 — x (up; §))
+ A" A (87 — x(up: §)) sgn(§ — up)
= A" (fT = x(up; §))[sen(E —up) — g° + x (up; §)]
+ A" (g7 — x (ups §))[sen(€ —up) — £+ x (up; §)]

= A" A(fT = x(up; €)@, &)+ A -7 (g7 — x(up; §))BE, &), (48)

where sgn(-) denotes the sign function, sgn(0) = 0.
Combining (47) and (48) gives

L
ffA/@-ﬁ}ff<z,s>—gf<2,s>|2dsdo
92 —

L
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up—e L
— lim </+ /)A/(é)-ﬁ[f’(i,é)—X(ub(i);S)]a(ﬁ,S)d&'dU

e—0
082 —L up+e

€—>0
02 —L up+e

up—€ L
+ lim (/+ )A/(é)-ﬁ[gr(ﬁ,@—x(ub(ﬁ);f)]ﬁ(f,S)dédU

Up—€ L
= lim <f+ )[—85Mf(2,§)05(2,§)—8§Mg(2,5)/3(2,5)]d5d0
82 L upte
> liminf I + liminf J¢,
e—0 e—0
where
Up—e€ L
92 “N—L  upte
and

Up—€ L
Je= / < + / )[—agug@,sw(z,@]dwa

02 —L up+e

(49)

(50)

&1

We claim that (49) is non-negative. Let us first prove that liminf /. > 0. To this end, we need

to write the exact form of «. In fact, since g(s, -,-) — g* in Lll0 .

as s — 0 and g* = x(v*; &),

we get g7(Z,&) = x(v'(2); &) for ae. (z,&) € I' x [—L, L] and thus it follows that «(Z, ) =
sgn(& —up) — x (v &) + x (up; &). More explicitly, we have the following cases to consider:

Case 1. up > 0.

(1) If 0 < v* < uyp, then

I, ifé& > uy,
a(2,§)={0, if v <& <up,
—1 ifé <o’
(2) If 0 < up < v, then
1, if&>07,
04(2,5):{0, ifup <§ <V,
—1, if& <uy.

(3) If v* <0 < up, then

1, if%‘>ub,
a(2,€)={0, if v° <& <up,
—1, if& <",
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Case 2. up <0.

(1) If up < o' <0, then

1, if € >0,
06(2,5):{0, ifup <&V,
—1, if& <uyp.
(2) If v* <up <0, then
1, if& > uy,
04(2,5)={0, if v <& <up,
—1 if& <o’
(3) If up <0 < v, then
1, if &€ > 07,
Ol(f,é):{O, ifup <§<V7,
—1, if& <uy.
Stated more compactly,
1, if & > max{up, v'},
a(z,§) =10, if& e [min{up, v*}, max{up, v'}], (52)

—1, if & <min{up, v'},
forae. (z,&) € I' x [—L, L]. Inserting (52) into (50) yields

| e Gon) +upGup — )do, i 2w,
N Soo G + G+ €))do, if v <up,

where we have taken into account that ¢ (Z, —L) = s (2, L) = 0. Therefore, we conclude that
liminf I > 0. Similarly, we prove that liminf J. > 0, cf. (51).

Let us now conclude the proof of Theorem 1.2. Since the second term in (46) is non-negative,
Gronwall’s inequality implies that for each fixed t € (0, ¢)

L L
/ f\f(r,x, £) — g(t.x.6)|  dE dx < exp(zcn/ f £ (@x.6) — g(r.x. §) d& dx.
2 -L 2 —L

where C is given in (3).
Therefore, in view of Theorem 1.1, we can let T — 0 to obtain

/|u(t,x) —v(t, x)|dx <exp(2CT)f|u0(x) —vo(x)|dx, forae.te(0,T).
94 2

This concludes the proof of Theorem 1.2.
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4. IBVP for the Degasperis—Procesi equation

The purpose of this section is to prove Theorem 1.3. The main step of the proof relates to
the existence of an entropy solution. Our existence argument is based passing to the limit in a
vanishing viscosity approximation of (13).

Fix a small number ¢ > 0, and let u, = u. (¢, x) be the unique classical solution of the follow-
ing mixed problem [4]:

Ortte + Ugdyue + 0x Pe = £33 U, (t,x) € (0, T) x (0, 1),
3
— 03 P+ Pe = Su, (t,x) € (0, T) x (0, 1),
| 40, %) = e 0(x), x €0, 1), (53)
u&‘(tao):g&()(t)a Ms(ta 1):g8,1(t)a tE(O, T)a
Ox Pe(1,0) =V 0(2), 0xPe(t,1)=v¢ 1), t€(0,T),
where u; 0, g¢.0, 8¢.1 are C° approximations of ug, go, g1, respectively, such that
8e,0(0) = ue 0(0), 8e,1(0) = ug 0(1),
and
1;0‘8,0 = _g;,o - gs,Ohs,O, 105,1 = _g;,l - gs,lha,l- (54)
Due to (54) and the first equation in (53), we have that
02 ue(1,0) =02 us(t,1)=0, te(0,7). (55)

For our own convenience let us convert (53) into a problem with homogeneous boundary
conditions. To this end, we introduce the following notations:

a)e(t’x):)Cge,l(t)‘l‘(l_x)ge,O(t)’ Vg = Ug — Wg,
X2
:(t,x) = Tl/fs,l(t)"'

2

X2
wg,O(t), Vs = Ps - -Qs- (56)
Thanks to

wa(taO):gs,O(t), ws(t’l):g&l([)’ IE(O’ T)s
0x82:(1,0) = Yr,0(2), 0x$2:(t, 1) =e1(1), 1€(0,7),
we have that
Ve(t,0) =ve(t, 1) = 0, Ve (t,0) =0, Ve (¢, 1) =0, 1€ (0, 7). (57)

Moreover, due to the definition of w, and (55)

02 we(t,x) =082 Q2:(t,x) =02 ve(t,1) =02, v.(1,0) =0, (58)

XXX

foreacht € (0,7) and x € (0, 1).
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Finally, in view of (53) and (58), we obtain

3V + e + Uedyty + 0y P = 0% vg, (59)

3
—2 Ve + V.= 5u§+a§x98 — 2. (60)
We are now ready to state and prove our key estimate.

Lemma 4.1. For eacht € (0,T),

t
Joee. ) oy + 2662 [ €70 a5, )20
0

t

<400, )], 0.ne W 8P / e 2B, (5)ds, (61)
0
where
‘
@ (1) = Co (r + [ (geo®)]+ lger o)) ds>, (62)
0

Be (1) = Co(|g.. O + |21 . + [ho.s D g0 O + [h1s g1 @)

+ 20O + g1 O]), (63)

and Cy > 0 is a positive constant independent on ¢.
In particular, the families

{uele=o, {\/gaxus}s»O
are bounded in L>°(0, T; L%(0, 1)) and L*((0, T) x (0, 1)), respectively.

Proof. Following [5] we introduce the quantity 6, = 6. (¢, x) solving the following elliptic prob-
lem:

{ 02 .0, + 40, =v:(t,x), x€(0,1), 64)

0.(t,0)=0:(t,1)=0, te(,T).

Our motivation for bringing in (64) comes from the fact that, in the case of homogeneous bound-
ary conditions, the quantity

1
/ Ve (B — 92,0: ) dx
0
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is conserved by (8) when ¢ = 0 (see [10]). Thanks to (64) we have

62z, )HH2(0 S < e, )HL2(0 S <4]6. @, )HH2(0 1)’
|9:6e (2, )HH2(0 H S < Jxve (1, )”L2(0 1)<4”8 Oe (1, )”H2(0 % (65)

Indeed, squaring both sides of (64),
= (02,6:)” — 86,0,6; + 1662

and integrating over (0, 1),

1
/vgdx:
0

[(8§x98)2 + 8(8x0e)* + 1602] dx + 8[6:9:6: 1)

SY— _

[(a)%xQ&)z + 8(8x98)2 + 16982] dx.

SY— _

Since
1 1
/ )? + (3:6:)% +62] f )? +8(0,6:)% + 1662] dx
0 0
1
16/ +(ae) +62]dx,
0

we have the first line of (65). For the second line in (65), since
92 0:(1,0) =82 0:(t, 1) =0 (cf. (57)),

we can argue in the same way.
We multiply (59) by 6, — 82 0. and then integrate the result over (0, 1), obtaining

1 1 1
/a[vg(eg — 92.6,) dx+/8,wg aﬁxeg)dx+/ugaxu8(9£ — 92.60,) dx
0 0 0

Ay Aj A3

97, Vs (0 — 82,6:) dx . (66)

™
S _

1
+ f 3y Py (05 — 02,0;) dx =
0

Ag As
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Thanks to (57) and (64),

Ar= [ 8(46, — 92.0.) (0 — 32,0, ) dx

I
S— _

(48,0:0, — 48,0070, — ;)

X txXx

00 + 87, 0:02,0, ) dx

txx X

I
S — _

X

(49,00 + 50200500 + 87,0:02,0: ) dx — [40,0,050. + 8%0:0: ],

S — _

N | =

1
d 2 1d 2
& [ @6+ 50002+ (3200 dx = 5 L1000 gy G
0

where

1 20.1) = \/4||f||’§2(0,1) 51 1201y + 1 17200y

The Holder inequality, (11), and (56) guarantee that

1 1

Ay < /(3tw8)2dx —|—%/982dx +%/(8§x9€)2dx
0 0
1
< 2|86 O + 181, OF) + 51000 a1y (68)

In light of (56), (57), and (60),

Ag= [ (8xVels — 85 Ved2, 0, + : 2.0, — 3:82:07,.0;) dx

o —__

(3 Velbe + 82, Ve 810 + 82260, — 3x82:82,0;) dx — [y Ve 305 1)

X

I
S—_ _

(32 (Ve — 92, Ve)Oe + 0 2:0, — 8, 2:02,0,) dx + [82, Veb: |,

I
o _

(3uedxueOe — 85 82:07,0, ) dx.

I
S _
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Therefore

As+ As = | (uedoue (46, — 92,.0.) — 8,82:92,6;) dx

S— _

(e dxtteve — 8y 2:97,.0¢) dx

I
S— _

(u28xue — uedyutewe — 852,070, ) dx

I
S — _

2 3 2 1
u u u
(788)(6()3 - ax9583x93> dx+ [?8 - Ega)g]o

I
S — _

2

I I I
t t 1 1
< 180, (D] + 181, ()] /ugdx+§/(8§x98)2dx+5/(8x98)2dx
0 0 0

190,601 + 181,60
T 6

<ci(|goe )]+ g1 ] + 1) ||6: (2, ’)H2172(0,1)

+e1([Yo.eO) + Y10 + g0 O + |21..0)])

<ci(]go.e ] + [g1e®)] + 1) ]0c 2, ‘)”%2(0,1)

+c1(|gh . ) + |2, O + |hoe (g0 O + [h1e()gre (]

+ |g0,8(l)‘3 + ‘gl,s(t)|3),

for some constant ¢; > 0 that is independent on €.
By observing that (57) and (64) furnish

32.0.(1,0) =02 0:(t,1)=0, 1€(0,7),

X

we achieve

1
As=¢ f 82, (40, — 82,6:) (0, — 82,6;) dx
0

S _

2
e [ (402,0:0, — 4(92,.0:)" — 87,1 0c0e + 0711

0.02,.0;) dx

X

(69)
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1
s/ —4(3,0:)% — 4(02,6:) + 92 ,0:0,0: — (32 .6:)°) dx
0

+£[40,0:0; — 32,..0:0, + 02,,0.02.6: ],
1
— —s/(4(ax9€)2 +5(02,0)° + (92,10:)7) dx + £[02,0:0,6: ],
0

= —¢|0x0: (2, ) H2ﬁ2(o,1)' "

In view of (67), (68), (69), and (70), it follows from (66) that

10 o + 22 120000 ) g
< c2(|go.e ()] + |21 (0] + 1) ||6: (2, ‘)”2ﬁ2(0,1)
+e2(8h.. O + 81O + ho.e(Dgo.e ] + |h1e g1 ()]
+ 20O + [g1..0]). (71)

for some constant ¢ > 0 that is independent on €.
Using the notations introduced in (62) and (63), inequality (71) becomes

d 2 2 / 2
5”980’ 3] 72(0,1) +2¢]8:0: 1, ) | o S %) 62z, ')HﬁZ(o,l) + Be (1),

and hence, thanks to the Gronwall lemma,

t

et g + 2007 [ e ot e
0
t

2 _
< 1660, ) [ F2o,1ye™ +2ea6(t)f€ @O B, (s)ds. (72)
0

Clearly, via (65), the desired claim (61) follows from (72).
The boundedness of the families {ue}e~0, {s/€0xus}e=~0 follows from the definition of the
auxiliary variable v, in (56) and assumption (11). O

We continue with some a priori bounds that come directly from the energy estimate stated in
Lemma 4.1.

Lemma 4.2. The families {V¢}e~0, { Ps}e>0 are both bounded in
>0, 7; W20, D)) N L>(0,T; W->(0, 1)).

In particular, these families are bounded in L*°((0, T') x (0, 1)).
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Proof. To simplify the notation, let us introduce the quantity

3
fe= Eug + 02 02 — £2.
From (57) and (60),

—8)% V8+V€:f87 8xV8(t,0):8xV8(t, 1)20-

X

Using the function

X —x ,y—1 1—y .
| L 0exes <,
X,y - y — x—1 1—x .
ede e de o< y<x<l,

which is the Green’s function of the operator 1 — 32_ on (0, 1) with homogeneous Neumann
boundary conditions at x = 0, 1, we have the formulas

1 1

Vot x) = f G folt, ) dy,  BVelt.x) = f G ot dy.  (T3)
0 0

Since G > 0and G, 9,G € L°°((0, 1) x (0, 1)), we can estimate as follows:

1

{Ve(ﬂx)‘ g/G(X,)’)|fs(fa)’)‘dy < ”G”LOO((O,I)Z)“f(l” ')”LI(O,I)’
0
1

|8XV8(t’x)| </|8xG(x’ y)HfS(t’ y)}dy < ||8xG||L00((0,1)2) ”f(ta .)”L](O,l)’
0

|92, Ve e, ')HLl(o,l) A ')HLI(O,l) + | fe (2, ')HLI(O,l)'

Thanks to Lemma 4.1, we conclude that the desired bounds on {V,}.~¢ hold.
Finally, the bounds on {P;}.~¢ follow from the bounds on {V,:},~¢ and (11). O

Using the previous lemma we can bound u, and v, in L* (cf. [7, Lemma 4]).

Lemma 4.3. For everyt € (0,T),

Jue (2, ')HLOO(O,I) < lluollzeeo,1) + l1gollzeo,7) + lIg1llL>20, 1) + Crt,

for some constant Ct > 0 depending on T but not on ¢.
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Proof. Due to (53) and Lemma 4.2,

Otlhg + UgOxltg — Safxue < sup ||8xP8||L°°((O,T)><(O,1)) < Cr.
e>0

Since the map

f@):=luollzew©,1) + llgollz>w©,7y + g1z~ 7y + Crt, t€(0,T),

solves the equation

and

ug(0,x), go(1), g1(1) < f(1), (1,x) €(0,7) x (0, 1),
the comparison principle for parabolic equations implies that
ug(t,x) < f(t), (@, x)e0,T)x(0,]1).
In a similar way we can prove that
ug(t,x)=>—f@), (t,x)e0,T)x(0,1).

This concludes the proof of the lemma. O

As a consequence of Lemmas 4.2 and 4.3, the second equation in (53) yields.
Lemma 4.4. The families {V,}¢=0, {Ps}s=0 are bounded in L (0, T; W>°(0, 1)).

Let us continue by proving the existence of a distributional solution to (8), (9), (10) satisfying
(18).

Lemma 4.5. There exists a function u € L°°((0, T) x (0, 1)) that is a distributional solution of
(13) and satisfies (18) in the sense of distributions for every convex entropy n € C>(R).

We construct a solution by passing to the limit in a sequence {u,}.~ of viscosity approxima-
tions (53). We use the compensated compactness method [30].

Lemma 4.6. There exist a subsequence {ug, }xeN of {us}e>0 and a limit functionu € L>((0, T) x
(0, 1)) such that

g, — u a.e. and in L?((0,T) x (0,1)), 1 < p < oo. (74)
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Proof. Let 7 : R — R be any convex C? entropy function, and let g : R — R be the correspond-
ing entropy flux defined by ¢’(«) = n’(«) u. By multiplying the first equation in (53) with n’(u,)
and using the chain rule, we get

0 (ug) + 0xq(ug) = 88)%)677(“8) - 877”(ua)(3xue)2 + n/(us)ax P,
:;Cél‘ ::Eg

where Eé, ,Cg are distributions. By Lemmas 4.1-4.4,

Li—0 in H'((0,7T) x (0, 1)),
L3 is uniformly bounded in L' ((0, T) x (0, 1)). (75)
Therefore, Murat’s lemma [22] implies that
{8;17(148) + 8xq(u8)}8>0 lies in a compact subset of ngcl (((), T) x (0, 1)). (76)
The L°° bound stated in Lemma 4.3, (76), and the Tartar’s compensated compactness
method [30] give the existence of a subsequence {u, }xen and a limit function u € L*°((0, T') x
(0, 1)) such that (74) holds. O
Lemma 4.7. We have
P, — P inLP(0,T; WP (0, 1)), 1 < p < o0, (77)

where the sequence {¢i }reN and the function u are constructed in Lemma 4.6.

Proof. Using the integral representation of Vg, stated in (73), Lemma 4.3, and arguing as in [5,
Theorem 3.2], we get

” Pg — p* HLP(O,T;WLP(O,l))

< C(llug, — ullLro,myx©,10) + 1We.1 — VillLr©,1) + 1¥e,0 — YollLro,1)).

for every 1 < p < oo and some constant C > 0 depending on u, go, g1, but not on ¢. Therefore
Lemma 4.6 gives (77). O

Proof of Lemma 4.5. Fix a test function ¢ € C2°([0, T') x [0, 1]). Due to (53)

1

T 1
2
u
//<uga,¢ + faﬂp — 0, Pegp + euga§x¢> dx dt + / 1o, (x)¢ (0, x) dx
0 0

0

T T
+/go,e(t)¢(t,0)dt—/gl,a(t)cb(t, 1)dr=0.
0 0
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Therefore, by the assumptions on ug ¢, g0.¢, &1, and Lemmas 4.6, 4.7, we conclude that the
function u constructed in Lemma 4.6 is a distributional solution of (13).

Finally, we have to verify that the distributional solution u satisfies the entropy inequality
stated in (18). Let n € C>(R) be a convex entropy. The convexity of 7 and (53) yield

0m(ue) + O (ue) + ' (ue)dy Pe < £05,n(ue).
Therefore, (18) follows from Lemmas 4.6 and 4.7. O
We are now ready for the proof of Theorem 1.3.

Proof of Theorem 1.3. Since, thanks to Lemma 4.5, u € L*°((0, T') x (0, 1)) is a distributional
solution of the problem

O + udyu = —0o, P, (t,x) e (0,T) x (0,1),

u(0, x) =up(x), x€(0,1), (78)

u(,0)=go(t), u(,1)=g@), t€(0,T),
that satisfies the entropy inequalities (18), Theorem 1.1 tells us that the limit # admits strong
boundary traces ug, uj at (0, T) x {x =0}, (0, T') x {x = 1}, respectively. Since, arguing as in
Section 3.1 (indeed our solution is obtained as the vanishing viscosity limit of (78)), Lemma 3.2
and the boundedness of the source term o, P* (cf. (17)) imply (19).

Finally, we have to prove the uniqueness of the entropy solution to (8), (9), (10). To this end,
let u1, up be two entropy solutions. We have to prove that

up=uzae.in (0,7) x (0, 1). (79)

Since u1 and u; are entropy solutions of (78), we can slightly modify the arguments in Subsec-
tion 3.2 to account for two different (nonlocal) source terms S! := 9, P*! and S? := 3, P“2, or
apply the result of [1, Corollary 2.6], to assemble the inequality

”M](l‘, ) —Mz(l, .)”LI(O,I) <C”axpul - 8XPM (80)

2 ”L‘ (0,1)x(0,1))°
for t € (0, T) and a constant c. Moreover, (16) says that

1

3
8, P (1,x) — B P (1, x) = E/axGoc,y)(ul(t,y) Fun(t ) (ur (2, y) — st y)) dy.
0

Hence, by Lemma 4.3 and (80),

Jur ) —uat, )| 1 g.q) < Cllur —u2ll i, 0,1y 1€ 0,7,

for some constant C > (. Therefore, (79) follows from Gronwall’s lemma. O



3856 G.M. Coclite et al. / Journal of Functional Analysis 257 (2009) 3823-3857

References

[1] K. Ammar, J. Carrillo, P. Wittbold, Scalar conservation laws with general boundary condition continuous flux
function, J. Differential Equations 228 (1) (2006) 111-139.
[2] C. Bardos, A.Y. le Roux, J.-C. Nédélec, First order quasilinear equations with boundary conditions, Comm. Partial
Differential Equations 4 (9) (1979) 1017-1034.
[3] G.-Q. Chen, H. Frid, Divergence-measure fields hyperbolic conservation laws, Arch. Ration. Mech. Anal. 147 (2)
(1999) 89-118.
[4] G.M. Coclite, H. Holden, K.H. Karlsen, Wellposedness for a parabolic—elliptic system, Discrete Contin. Dyn.
Syst. 13 (3) (2005) 659-682.
[5] G.M. Coclite, K.H. Karlsen, On the well-posedness of the Degasperis—Procesi equation, J. Funct. Anal. 233 (1)
(2006) 60-91.
[6] G.M. Coclite, K.H. Karlsen, On the uniqueness of discontinuous solutions to the Degasperis—Procesi equation,
J. Differential Equations 233 (1) (2007) 142-160.
[71 G.M. Coclite, K.H. Karlsen, Bounded solutions for the Degasperis—Procesi equation, Boll. Unione Mat. Ital. (9) 1 (2)
(2008) 439-453.
[8] A. Degasperis, D.D. Holm, A.N.W. Hone, Integrable non-integrable equations with peakons, in: Nonlinear Physics:
Theory and Experiment, I, Gallipoli, 2002, World Sci. Publishing, River Edge, NJ, 2003, pp. 37-43.
[9] A. Degasperis, D.D. Holm, A.N.I. Khon, A new integrable equation with peakon solutions, Teoret. Mat. Fiz. 133 (2)
(2002) 170-183.
[10] A. Degasperis, M. Procesi, Asymptotic integrability, in: Symmetry and Perturbation Theory, Rome, 1998, World
Sci. Publishing, River Edge, NJ, 1999, pp. 23-37.
[11] F. Dubois, P. LeFloch, Boundary conditions for nonlinear hyperbolic systems of conservation laws, J. Differential
Equations 71 (1) (1988) 93-122.
[12] J. Escher, Y. Liu, Z. Yin, Global weak solutions blow-up structure for the Degasperis—Procesi equation, J. Funct.
Anal. 241 (2) (2006) 457-485.
[13] J. Escher, Y. Liu, Z. Yin, Shock waves and blow-up phenomena for the periodic Degasperis—Procesi equation,
Indiana Univ. Math. J. 56 (1) (2007) 87-117.
[14] J. Escher, Z. Yin, On the initial-boundary value problems for the Degasperis—Procesi equation, Phys. Lett.
A 368 (1-2) (2007) 69-76.
[15] S. Hwang, T. Tzavaras, Kinetic decomposition of approximation solution to conservation laws: Application to relax-
ation and diffusion—dispersion approximations, Comm. Partial Differential Equations 27 (5-6) (2002) 1229-1254.
[16] Y.-S. Kwon, Well-posedness for entropy solution of multidimensional scalar conservation laws with strong boundary
condition, J. Math. Anal. Appl. 340 (1) (2008) 543-549.
[17] Y.-S. Kwon, A. Vasseur, Strong traces for solutions to scalar conservation laws with general flux, Arch. Ration.
Mech. Anal. 185 (3) (2007) 495-513.
[18] P-L. Lions, B. Perthame, E. Tadmor, A kinetic formulation of multidimensional scalar conservation laws and related
equations, J. Amer. Math. Soc. 7 (1) (1994) 169-191.
[19] Y. Liu, Z. Yin, Global existence blow-up phenomena for the Degasperis—Procesi equation, Comm. Math.
Phys. 267 (3) (2006) 801-820.
[20] H. Lundmark, Formation dynamics of shock waves in the Degasperis—Procesi equation, J. Nonlinear Sci. 17 (3)
(2007) 169-198.
[21] H. Lundmark, J. Szmigielski, Multi-peakon solutions of the Degasperis—Procesi equation, Inverse Problems 19 (6)
(2003) 1241-1245.
[22] F. Murat, L’injection du cdne positif de H ~! dans W14 est compacte pour tout g < 2, J. Math. Pures Appl.
(9) 60 (3) (1981) 309-322.
[23] O.G. Mustafa, A note on the Degasperis—Procesi equation, J. Nonlinear Math. Phys. 12 (1) (2005) 10-14.
[24] F. Otto, Initial-boundary value problem for a scalar conservation law, C. R. Acad. Sci. Paris Sér. I Math. 322 (8)
(1996) 729-734.
[25] E.Y. Panov, Existence of strong traces for generalized solutions of multidimensional scalar conservation laws, J. Hy-
perbolic Differ. Equ. 2 (4) (2005) 885-908.
[26] E.Y. Panov, Existence of strong traces for quasi-solutions of multidimensional conservation laws, J. Hyperbolic
Differ. Equ. 4 (4) (2007) 729-770.
[27] B. Perthame, Uniqueness error estimates in first order quasilinear conservation laws via the kinetic entropy defect
measure, J. Math. Pures Appl. (9) 77 (10) (1998) 1055-1064.



G.M. Coclite et al. / Journal of Functional Analysis 257 (2009) 3823-3857 3857

[28] B. Perthame, Kinetic Formulation of Conservation Laws, Oxford Lecture Ser. Math. Appl., vol. 21, Oxford Univer-
sity Press, Oxford, 2002.

[29] B. Perthame, P.E. Souganidis, A limiting case for velocity averaging, Ann. Sci. Ecole Norm. Sup. (4) 31 (4) (1998)
591-598.

[30] L. Tartar, Compensated compactness and applications to partial differential equations, in: Nonlinear Analysis and
Mechanics, Heriot—Watt Symposium, vol. IV, Pitman, Boston, MA, 1979, pp. 136-212.

[31] A. Vasseur, Strong traces for solutions of multidimensional scalar conservation laws, Arch. Ration. Mech.
Anal. 160 (3) (2001) 181-193.

[32] Z. Yin, Global existence for a new periodic integrable equation, J. Math. Anal. Appl. 283 (1) (2003) 129-139.

[33] Z. Yin, On the Cauchy problem for an integrable equation with peakon solutions, Illinois J. Math. 47 (3) (2003)
649-666.

[34] Z. Yin, Global solutions to a new integrable equation with peakons, Indiana Univ. Math. J. 53 (2004) 1189-1210.

[35] Z. Yin, Global weak solutions for a new periodic integrable equation with peakon solutions, J. Funct. Anal. 212 (1)
(2004) 182-194.

[36] Y. Zhou, Blow-up phenomenon for the integrable Degasperis—Procesi equation, Phys. Lett. A 328 (2-3) (2004)
157-162.

[37] J. Zhou, Global existence of solution to an initial-boundary value problem for the Degasperis—Procesi equation, Int.
J. Nonlinear Sci. 4 (2) (2007) 141-146.



